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Summary. The tabular method to compute coancestry 
between two individuals is based on the principle that 
coancestry may be computed as the average coancestry 
between one individual and the parents of the other, on 
the condition that the former individual is not a direct 
descendent of the latter. It follows that coancestry also 
may be computed as the average of the four coancestries 
between the parents of the two individuals, on the condi- 
tion that each individual is not a direct descendent of the 
other. The requirement for these conditions is explained. 
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and the parents of the other. This principle is always true, 
with the condition that the former individual is not a direct 
descendent o f  the latter (Emik and Terrill 1949). In the 
tabular method, this condition is always met because 
individuals are ordered such that progeny follow parents 
(Van Vleck et al. 1987). However, this principle for com- 
puting coancestry is often given without explicitly stating 
this condition (e.g., see p. 75, Kempthorne 1969; p. 70, 
Pirchner 1983; p. 123, Doolittle 1987; p. 205, Van Vleck 
et al. 1987; p. 81, Falconer 1989), perhaps because a clear 
explanation for this condition is not widely known. The 
object of this paper is to provide such an explanation. 

Introduction 

The tabular method was developed as a systematic proce- 
dure to compute coefficient of inbreeding (Emik and Ter- 
rill 1949). Now, it is used widely by breeders to construct 
the matrix of additive relationships (twice coancestry) 
between relatives for autosomal loci (Pirchner 1983; Van 
Vleck et al. 1987). A tabular method to construct the 
matrix of covariances between relatives for X-chromosom- 
al loci also has been developed (Fernando and Grossman 
1990). The inverse of these matrices can be used in the 
mixed model equations to predict breeding values by best 
linear unbiased prediction (Henderson 1976; Fernando 
and Grossman 1990). 

The tabular method to construct the matrix of 
coancestries for autosomal loci is based on the principle 
that coancestry between two individuals may be ex- 
pressed as the average coancestry between one individual 

* This research was supported in part by the Illinois Agricultur- 
al Experiment Station, Hatch Projects 35-345 and 35-367 
** To whom offprint requests should be addressed 

Theory 

Let X and Y be two individuals and let M be the maternal 
parent and P the paternal parent of Y (Fig. 1). Individuals 
and their genotypes at a given autosomal locus are sum- 
marized below: 

Individual M P X Y 

Genotype rn mmp p,, pp x m xp Ym Yp 

Random gene m p x y 

where the subscript m denotes a gene of maternal origin 
and the subscript p denotes a gene of paternal origin. 

N P 
mm mp ,Ore pp 

\ 
\ 

\ 
\ 

XmXp Y yrnYp 

Fig. 1. Paths of inheritance for M, P, X, and Y 
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Fig. 2. Pedigree (Fig. 5.1 from Kempthorne 1969) 

Coancestry between two arbitrary individuals X and 
Y (rxy) is the probability that a random gene from the 
locus in X (x) is identical by descent ( - )  to a random gene 
from that locus in Y(y) (Mal6c0t 1969). Now, x can be 
identical by descent to y in two mutually exclusive ways: 

y could be the maternal gene in Y (y,, = y), with prob- 
ability �89 and y,, is identical by descent to x 

o r  

y could be the paternal gene in Y (y; = y), with prob- 
ability 1, and yp is identical by descent to x, 

so that 

rxv= P ( x -  y)= P ( x -  ym, y ~ = y ) +  P ( x -  yp, yp= y) 

= P(x-ym[ym =Y) P(Ym=Y) 
+ P (x -- YvIYp = Y) P (Y; = Y) 

= �89 [P (x =- YmlYm = Y) + p (X =- YPIYv = Y)] 
= �89 [P (x = ym) + P (x - y , ) ]  (1) 

because the process of sampling the random gene y from 
Y is independent of genes in X being identical by descent 
to genes in Y. Equation 1 is true, irrespective of whether 
one individual is a direct descendent of the other. 

Because Ym and m are random genes from M, and 
because yp and p are random genes from P, it is tempting 
to write Eq. i as 

rxv=P(x-y)=�89189 (2) 

where rxM is the coancestry between X and M and rxp is 
the coancestry between X and P. If X is not a direct 
descendent of Y, Eq. 2 is always true. If X is a direct 
decendent of Y, however, Eq. 2 is not always true because 
P (x - Ym) is greater than or equal to P (x =- m) (see Eq. 4 a) 
and P (x = yp) is greater than or equal to P (x = p) (see Eq. 
4b). 

The random gene x can be identical by descent to y 
through two mutually exclusive sets of paths of inheri- 
tance: (1) through the set of paths in which X inherits 
genes from Y (denoted Y; or (2) through the remaining set 
of paths (denoted Y). For  example, let Y = E and X = F 
(Fig. 2). Then the path directly from E to F is Y and the 
path from E to F through the common ancestor B is Y. 

Thus, coancestry between any X and Y can be 
written as 

P ( x - y ) =  P(x=-y, Y)+ P(x-=y, Y) (3) 

o r  

r x y  = r x y  ' u + r x y , u  

Similarly, the two probabilities in Eq. 1 can be written 
a s  

P(x=ym)= P(x=-- ym, u + P(x=- ym, Y) (3a) 

and 

P(x=yp)=P(x=yp,  u u . (3b) 

For  the first term in Eq. 3 a, u contains the path from 
M to X through Y. Therefore, the random gene Ym is one 
generation closer than m to X, so that P ( x - y m , Y )  is 
greater than or equal to P (x = m, u even though m and 
Ym are random genes from M. Proof  that 

P(x =ym, Y)=2rxM, v- -P(x=y,  Y) [FM + Fy] 

>P(x=m, u165 (4a) 

is in Appendix A, which should be read after Appendix B 
for the better understanding. 

Similarly, the first term in Eq. 3 b is 

P(x =yv,  Y)=2rxP, v - P ( x = y  , Y)[Fp + Fy] 

_> P (x -- p, Y) = rxp ' v (4 b) 

Now, the same reasoning that led to Eq. I gives 

rxy.z=P(x=-y, Y ) = { [ P ( x - y ~ ,  Y)+P(x=-yp, Y)] (5) 

and substituting Eqs. 4 a and 4 b into Eq. 5 yields 

rxY, v=rxM, v+rxp v - P ( x = y  Y ) [ � 8 9  (6) 

Because P (x = y, u = rxy ' u + Fv) (see Appendix C), re- 
arranging Eq. 6 yields 

rxY, v=(rxM, v +rxp, u ) (1 +Fy) / [ I+ �89  (7) 

In a noninbred population (F M = Fp = Fy = 0), so that 

FXy, Y ~ FXM ' Y -}- FXp ' Y . 

For the last term in Eq. 3 a, Y does not contain the 
path from M to X through Y. Therefore, the random gene 
y~ is no closer than m to X, so that P ( x -  y,,, Y) is equal 
to P (x -= m, Y). Proof  that 

P(x = ym, Y)= P(x =m, Y) = rxg,v (8a) 

is given in Appendix B. 
Thus, if genes are identical by descent only through Y, 

then the probability that x is identical by descent to y~ is 
equal to the probability that x is identical by descent to 
m. If X is not a direct descendent of Y, genes can be 
identical by descent only through Y. Therefore, from 
Eq. 3 a, 

P ( x - y m ) = P ( x - y m ,  Y) 
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and similarly, 

P(x-~m)=P(x-=m, Y) . 

Using the above, together with Eq. 8 a, gives 

P(x=-y,~)=P(x=-ym, Y)= P(x = m, Y)= P ( x - m )  = rxM. 

(8a') 

Similarly for the last probability in Eq. 3 b, that x is 
identical by descent to the paternal gene in Y (yp), it can 
be seen that 

P(x=-yp, Y ) = P ( x = p ,  Y ) = r x p , u  . (8b) 

Also, if X is not a direct descendent of Y, x and p can be 
identical by descent only through Y. Therefore, 

P(x=- yp)= P(x=- yp,%= P(x=p,%= P(x-p)=rxp (Sb') 

Now, the same reasoning that led to Eq. 1 gives 

rxv, v=P(x=-y, Y)=�89 Y)+P(x=--yv, ?)] (9) 

so that, from Eqs. 8a and 8b, rxv,v in Eq. 9 may be 
expressed as 

- -1  rxy,  u --  ~- [FxM, V ]- rxp, u (10) 
I fX is not a direct descendent of Y, Eq. 10 may be written 
as Eq. 2, which was shown in Eqs. 8 a' and 8 b'. 

Substituting Eqs. 7 and 10 into Eq. 3 yields the 
general expression for the coancestry between X and Y: 

rxy ~ - - -  (rx~. u + rxp, v) (1 + Fy)/[1 + �89 (Fu + Fp) q- 2 Fy] 

d- �89 ' g + rxp, V] (11) 

Equation 11 does not require the condition that X is not 
a direct descendent of Y. If X is a direct descendent of Y, 
then (rxM, v + rxp, v)> 0, and Eq. 2 will yield an incorrect 
value for coancestry between X and Y. If X is not a direct 
descendent of Y, then (rxM ,u  ,u  and 
(rxM ,v + rxp ' v) = (rxM + rxp) ,  SO that Eq. 2 will yield the 
correct value for conancestry. 

In a noninbred population, 

r x v  = rXM, u + rxp, v + �89 (rXM, V + rxp, u - (12) 

It also can be shown that, if each of two individuals is 
not a direct descendent of the other, coancestry between 
these two individuals may be computed as the average of 
the four coancestries between the parents of the two indi- 
viduals. Let X and Y be relatives, where each is not a 
direct descendent of the other; and let A and B be parents 
of X, and C and D be parents of Y. Coancestry between 
X and Y may be computed as the average coancestry 
between X and the parents of Y, 

r xv  = �89 [rxc -}- rXD] (13) 
because X is not a direct descendent of Y. Alternatively, 
it may be computed as the average coancestry between Y 
and the parents of X, 

rxy  = �89 [rvA -}- ryB] (14) 

because Y is not a direct descendent of X. 

For the same reason, C and D cannot be direct de- 
scendents of X. Therefore, coancestry between X and C 
may be computed as the average eoancestry between C 
and the parents of X, 

r xc  ----- �89 [rAc q- rBc ] . (15) 

Similarly, coancestry between X and D is 

rxD = �89 [rAD + r~D] �9 (16) 

Because X is not a direct descendent of Y, it follows 
that A and B cannot be direct descendents of Y. There- 
fore, coancestry between Y and A may be computed as 
the average coancestry between A and the parents of Y, 

r~A = �89 [rAC + rAD] �9 (17) 

Similarly, coancestry between Y and B is 

rvB = �89 [rBc q- rgD ] . (18) 

Substituting Eqs. 15 and 16 into Eq. 13, or Eq. 17 and 
18 into Eq. 14, yields 

rxy  = �88 [ rac  ~- rAD -4- YBC "~ FBD ] , (19) 

a well known result (p. 89, Falconer 1989). 

Numerical examples 

Consider an example (Fig. 2) where X = F is a direct de- 
scendent of Y = E, such as parent-offspring, and where 
maternal parent M = A and paternal parent P = D, for Y, 
in a random mating population. Coancestry between X 
and Y by Eq. 1 is 

rxv= �89 P(x=- yp)] . 

Gene x can be identical by descent to y,, or to y;  if X 
inherits a copy of Ym or of yp from Y (Y). Therefore, we 
may not substitute rxM for P ( x = y ~ )  or rxp for P(x-yv).  
Instead, upon appropriate substitutions from Eqs. 3a, 
4 a, 8 a, and C 8, the first term in Eq. 1 is 

P (x - Ym) = 2 rxM ' u - rxv ' v [F~.~ + Fy]/(1 + Fy) -[- rXM ' V 
= 2 (3/16)-- (5/16) [0 + �88 + �88 + 0 
= 5/16, (20) 

where from Eq. 3: rXM, V=rxM--rxM, V=3/16--O=3/16, 
because X is related to M only through the two paths that 
include the path in which X inherits genes from Y (Y); 
rxu u = r x v  - -  rxv,  V = (3/8) - (1/16) = 5/16, where rxy  ' V is 
computed from the pedigree after removing the path (Y) 
from Y to X in the calculations of the coancestry rxy; and 
f y - - I  

From Eqs. 3 b, 4b, 8 b, and C 8, the second term in 
Eq. 1 is 

P (x - yp) = 2 rxp ' v -- rxv. u [Fp + Fy]/(l + Fv) + rxp ' v 

= 2 (3/16)-  (5/16) [0 + �88 + �88 + 1/8 
=7/16 , (21) 
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where from Eq. 3: rxp, v = r x p - r x p ,  v =  5 / 1 6 - 1 / 8 =  3/16, 
where rxp ' v is computed from the pedigree after removing 
the path from Y to X in the calculations of the coancestry 

FXp �9 
Thus, by Eqs. 1, 20, and 21, the coancestry between X 

and Y is 

rxy = �89 [(5/16) + (7/16)] = 3/8 , 

whereas 

�89 [rxM + rxp ] = �89 [(3/16) + (5/16)1 

= � 8 8  

because X is a direct descendent of Y. 
Consider another example (Fig. 2) where X = E is not 

a direct descendent of Y = C ,  such as uncle-nephew, 
where maternal parent M = A and paternal parent P = B, 
in a random mating population. Now, 

p ( x i y m ) = 2 r x M ,  v--rxv,  v[FM+Fv]/(l +Fy) + rXM, V 

= 0 + 3/8 = 3/8 (22) 

because X is not a direct descendent of Y; therefore, there 
are no paths through which X inherits genes from Y. 
Similarly, 

P (x -= yp) = 2 rxp ' u - -  r x y  ' u [Fp + Fy]/(1 -t- Fv) + rxp, v 
= 0 + 1/8 = 1/8 (23) 

Thus, by Eqs. 1, 22, and 23, the coancestry between X 
and Y is 

rxy = �89 [(3/8) + (1/8)1 = �88 

Now, 

�89 [rxM + rxp] = �89 [(3/8) + (2/8)] 

= �88 

because X is not a direct descendent of Y. 
Finally, because each of X and Y is not a direct de- 

scendent of the other, coancestry between X = E  and 
Y = C  may be computed as the average of the four 
coancestries between their parents, A and B, and A and 
D (Fig. 2): 

rxy  = �88 [rAA -t- rAD -}- rBA + rBD ] 

[~+~+0+�88188 ~ � 8 8  1 1 

because A is noninbred, and A and B are unrelated. 

Discussion 

We have provided an explanation for the condition under 
which coancestry between two individuals may be com- 
puted as the average coancestry between one individual 
and the parent of the other. The condition is that the 
former individual is not a direct descendent of the latter. 
Thus, for relatives where each individual is not a direct 
descendent of the other, coancestry between them may be 

computed as the average coancestry between one and the 
parents of the other or vice versa. For  relatives where one 
individual is a direct descendent of the other, coancestry 
between them may not be computed as the average 
coancestry between the younger and the parents of the 
older. 

In the tabular method, this condition is never violated 
because coancestry between an individual in one genera- 
tion and another individual in a previous generation is 
never computed as the average coancestry between the 
former individual and the parents of the latter. Coances- 
try for parent-offspring, for example, is never computed 
as the average coancestry between the offspring and its 
grandparents. 

Coancestry between an individual in one generation 
and another individual in a previous generation, if the 
former is not a direct descendent of the latter, may be 
computed as the average coancestry between the former 
individual and the parents of the latter. Coancestry be- 
tween uncle and nephew, for example, may be computed 
as the average coancestry between the nephew and the 
parents of the uncle. In the tabular method, however, this 
coancestry is always computed as the average coancestry 
between the uncle and the parents of the nephew. The two 
computations give the same answer. 

We have shown also that, if each of two individuals is 
not a direct descendent of the other, coancestry between 
these two individuals may be computed also as the aver- 
age of the four conancestries between the parents of the 
two individuals. This condition, that each individual can- 
not be a direct descendent of the other, is not always 
stated unambiguously. 

The method of computing coancestry as the average 
of the four coancestries may be used to compute coances- 
try between relatives of the same generation (Falconer 
1989) or between relatives of different generations, if each 
individual is not a direct descendent of the other, as 
shown here and illustrated by the second numerical ex- 
ample. 

Appendix 
A Proof that P (x =- Yr.,, Y) = 2 rxM ' u -- P (x = y, u [F~ + Fy] 

Remember that y,~ is a random gene from M, and that it can be 
the maternal gene (mm=y m) or the paternal gene (mp=Ym), each 
with probability �89 Thus, expanding the first term in Eq. 3 a 
yields 

P(x = y,,, Y) = P(x-=mm, m,n=y m, Y ) +  P(x--mp, mp=y,,, Y) 
=P(x=-m,,, u 

+P(x=-mp, YImp =y,~) P(rnv =y,,) 
= �89 [P (x _-- m,, , YIm,,=y,,)+P(x=~mp, Ylmp=y,,)]. (A1) 

We are considering that x can be identical by descent to y,, 
because X inherited a copy of y,, from Y(Y). Therefore, the fact 
that the random gene y,, is m,, now alters the probability that x 
is identical by descent to m,,, so that P(x=-m,,,YImm=y,,) 
+P(x =-m,,, u as explained below. 



The random gene x can be identical by descent to rn m, with 
y,. being m,. or with Ym being mr. Thus, the probability that x is 
identical by descent to m~ can be expanded as 

P(x-mm, Y) = P(x-=mm, m,.=ym, Y) + P(x-=mm, my=y,., Y) 

= P (x_= m,,~, Ylm.~= y,.) P(mm=Ym) 
+P(x=--mm, Ylmp = y,.) P(mp = y,.) 

=�89 YIm.,=y.~)+P(x=-mm, Y[mp=y,.)]. (A2) 

Rearranging Eq. A2 yields 

P(x=-mm, Ylmm=ym)=2P(x=-m,., Y ) - P ( x - m m ,  Ylmp=y,.) . 
(A3) 

Consider the last term in Eq. A 3. The random gene x can be 
identical by descent to rn,. through Y, given that Y receives mp 
from M, in one of four ways: 

x is x,,(x=xm), x~ is y~(Xm=ym), and mp is identical by descent 

to m,. (rap = m~); 

or 

x is xm(x =xm), Xm is yp(x,. =yp), and yv is identical by descent to 

m,~ (y r =- rn,~); 

or  

x is xp (x = xp), xp is Ym (Xp = ym), and mp is identical by descent to 

rn m (mp =- ram); 

or  

x is xp(x=xp), xp is yp(xv=Y fl, and yp is identical by descent to 

mm(yv-mm) (Fig. 1). 

Therefore, the last term in Eq. A 3 can be written as 

P(x =m,.,  Ylmp =y,,) 

= P(x = x,,, x,, =Ym, rnp--m~, Y) 

+ P(x = xm, xm=y e, yp=_m,,,, Y) 

+ P(x = x v, xp=Ym, mp=--rnm, Y) 
+ P(x =xp,  xp=yp, yv=-rnm, Y) 

=�89 =ym, Y)+ e(xv =ym, Y)] Fu 

-- [P(xm =yp, V)+P(xv=yt,, Y)] P(mm-= Yv, Y)} 
=�89 =y~,  Y) FM+2P(x=y p, Y) P(m~=yp, Y)] 

= P(x=y ,  Y) [FM+P(mm=-y p, Y)] 

because P(x =Ym, Y)= P(x=Yp, u  =y,  Y); FM, the coeffi- 
cient of inbreeding for M, is the probability that m,, is identical 
by descent to rap. Then Eq. A 3 can be written as 

P(x=-m,~, YIm,,=ym) 
= 2 P ( x - m  m, Y ) -  P(x =y,  Y) [Fu+P(mm-yp, Y)]. (A4) 

From the above, it is clear that 

P(x=-mm, Ylmm=Ym)# P(x=-m,,, Y). 

Similarly for mp 

P(x=-mp, Ylmp = y,,) 

=2  P(x-= rap, Y ) - P ( x  =y,  Y) [FM+P(mp=y p, Y) (a5) 

and P(x=-mp, Ylmp=ym)+ P(x=m e, Y). 
Substituting Eqs. A4 and A5 into Eq. A 1 yields 

P(x_=y,,, Y)=�89 Y)+ 2P(x---mp, Y)] 

- P ( x = y , Y )  [2FM + P(m,,=--yp, Y)4- P(mp--yp,Y)] 
=2rxM, v--P(x=y,  Y) [FM + Fy] (A6) 

because rxM, v=�89 Y)+P(x=--mp, Y)] and 
Fy=�89 Y)+P(mv-=yv, Y)] = P(ym-=yv, Y). 
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B Proof that P(x=-ym, Y)=P(x-=m, Y)=rxM,u 
Consider the last term in Eq. 3 a, the probability that x is identi- 
cal by descent to the maternal gene of Y(y,.). Remember that y,. 
is a random gene from M, and that it can be the maternal gene 
(rn m = y.,) or the paternal gene (rap = Ym), each with probability �89 
Thus, expanding the last term in Eq. 3 a yields 

P(x=-ym, Y)= P(x = ram, mm=ym, Y) + P(x-= rap, mv=ym, Y) 
=P(x=-rnm, Ylmm=Ym) P(mm =Ym) 

+ P ( x ~ m p ,  u = ym) P(mv = y,,) 

=�89 YImm=Ym)+P(x=-mp, Ylmp = ym) ] . (B 1) 

There are two mutually exclusive sets of paths between M 
and X: the set of paths that includes Y, which contains the path 
from M to Y, and the set of remaining paths. For example, let 
Y = D, X = F, and M = A (Fig. 2). The first set comprises the path 
A --* D ~ E --, F, which contains the path D ~ E --* F, and the 
second set comprises the remaining path A ~ E --* E 

Sampling of genes fi-om M to Y is independent of sampling 
of genes in the second set of paths. Thus, sampling of y~ from M 
in the first set does not affect P (x-- m,,, Y), so that 

P(x-= m,,, Ylrnm=ym)=P(x=-m,, ,, Y) 

and, similarly for rap, 

P(x-rnp, Ylmp= y , . )=P(x-mp,  Y). 

Now Eq. B 1 can be written as 

P(x = ym, Y)= }[P (x =m~, Y)+ P(x=-mp, Y)] 
= P ( x - m ,  Y)=rxM, V. (B2) 

C Proof that P (x = y, Y) = rxy ' y/(1 + Fy) 

By definition, 

rxy, v=P(x~_y, Y) . (C1) 

Because x can be either x m or xp with probability �89 and y can 
be either Ym or yp with probability �89 Eq. C 1 can be written as 

rxy, v = I [P  (xm = y.,, Y)+P(xm=-y p, Y) 
+P(Xp=-ym, Y) + P(xv---yp, Y)]. (C2) 

Consider the first term in Eq. C2. The gene x., can be iden- 
tical by descent to y,. through u in one of two ways: 

x,. is y.,(xm=y.,) and y,. is identical by descent to Y,.(Y,.-Ym) 

or  

x m is y~(x,~=yp) and Ym is identical by descent to yp(y,.=yp). 

Therefore the first term in Eq, C2 can be written as 

P(xm=--ym, Y)= P(xm =ym, Y)+ P(xm=y, ,  Y) Fv 
= P (x,, = y, Y) (1 + Fy) (C 3) 

because P(x,, =y,, ,  u  p, Y)= P(x,, =y, Y). 
Similarly for the remaining terms in Eq. C 2, 

e (x., =- yp, Y) = P (x,. = y, Y) (1 + Fy) (C 4) 

P(xp=y m, Y)= P(xp =y, Y)(1 +Fy) (C5) 
P(xp==-yp, Y) = P(xp=y, Y)(1 +Fy).  (C6) 

Substituting Eqs. C3 through C6 into Eq. C2 yields 

rxv,,=�89 Y)+ P(xp=y, Y)] (1 +Fy) 
= P (x = y) (1 + Fy) .  (C 7) 

Rearranging Eq. C 7 yields 

P (x = y, Y) = rxy  ' y/(1 4- f y ) .  (C 8) 
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